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Summary

In a balanced incomplete block (BIB) design with parameters, v, b, r, k and Shah
[6] obtained an upper bound b < (r^ — 1)/X on b. The main purpose of this paper

^ is to improve this inequality and to obtain some upper bounds on the number of
blocks in a BIB design under reasonable parametric restrictions.

Introduction

For the number of blocks of a BIB design with parameters v, b, r, k
dnd'A, it is well known that the Fisher inequality Z) ^ v holds. On the
other hand, Shah [6] gave an upper bound bS{.r^ — 1)/A, and it is known
that'this bound is a;ttained when r = /c = A + 1. Since the design
becomes a trivial design when r = A+ 1, by relaxing this attaining condi
tion, in this paper the Shah bound is improved in some directions under
certain reasonable parametric restrictions. Finally, the Kageyama bound
[2] 6(ra'A + for a BIB design with parameters v,b — mt,r = [if,
k and Ais derived without an assumption olb = mt.

Discussions and Results

It is known that the Shah inequality 6 ^ (r® — 1)/A is attained when
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r = k and r = A+ 1. In order to improve this inequality, we consider
its attaining condition. In this case, the following characterization is
given.

Lemma. A BIB design with parameters v, b, r, k and Asatisfying r =
A + 1 /j fl symmetrical BIB design with parameters v = 6 = A+ 2, r =
A: = A + 1 and A.

Proof. From a basic relation A(v — 1) = r{k —1) and the assumption
'• = ^ + 1, we get V= (A + 1) (/: — 1)/A + 1, which, from (A, A + 1)
= 1, implies that there exists a positive integer t such that A: — 1 = /A.
Since r ^ k, v/e get I = 1, i.e., r = = A + I. Then v = ^ + 2. Thus,
we have the required result.

Under the observation in the lemma, we shall give below some theorems
on upper bounds for the number of blocks in a BIB design. In what
follows, a symbol M means the largest integer < x, where x is not an
integer.

Theorem 2.1. In a BIB design withparameters v, b, r, k and \ if r ^
X+ /, then b ^ {r^ ~ 2)1^, with the equality holding whenr = k = \ -{• 2.

Proo/. From a basic relation A(v — I) = r{k — 1) of a BIB design,
we get

rA: — Av = r — A. (2.1)

Since r — A ^ 1 in general and r A + ], we get r —A ^ 2, which,
from (2.1), yields rk — Av ^ 2. This, after multiplying by r and simplify
ing, yields

b ^ r'̂ /A - 2/-/(A/c). (2.2)

Since r ^ fc in general, b ^ (r' — 2)/A. It is obvious that b = (r* — 2)/A
is attained when r = fc = A + 2.

As a refinement of Theorem 2.1, we get the following.

Proposition 2.2. In a non-symmetrical BIB design with parameters
V, b, r, k and A,

(i) fc^(r«-2)/A- 1
(ii) ^ [(r'- 2)/A]

if (r* — 2)/A = an integer;
if {r^ - 2)/A an integer.

Proof. Since r > k, the lemma and (2.2) yield b < (r* — 2)/A, which
shows the required result. -

/
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Theorem 2.3. In aBIB design with parameters v, b, r, kand A, if k^

vinfor an integer n^ 2, then b^ (r^ - i)/A - (« - D, with the equality
holding when r = k = nh + I.

Proof. It follows that for « ^ 2, ' ,
fc ^ v/rt O nA: — 1 ^ V— 1

O (rt - 1) rk + rik - 1) ^ r(v - 1)
O r ^ {A(v - 1) + rkin - l)}/(v - 1)
O r —nA ^ r(n — l)/(v — 1) > 0
O r — nA ^ 1.

From (2.1) and (2.3), we get rfc —Av 2 (« —1) A+ 1, which, upon
multiplying by r and simplifying, yields b ^ r'/A —(n —l)rlk —rl(k\).
Since r ^ kin general,

6 ^ (ra —1)/A - (« - 1). (2.4)
It is clear that this bound is attained when r = fc = nA + 1.

The following is the refinement of Theorem 2.3.

Proposition 2.4. In a non- symmetrical BIB design with parameters
V, b. r, k andA, if k ^ vjn for « ^ 2, then
(i) b ^ (r^ -l)//\ - n when (r« - 1)/A = an integer;
(ii) b ^ [(r* l)/^] -(«-!) when (r® - 1)/A # an integer.

Proof. Since r > k, from (2.4) we get b < {r* - 1)/X - (« - 1) which
yields the required result.

For a BIB design or its complementary design, one can always find
that k ^ v/2. Hence, without loss of generality, consider a BIB design
satisfying k ^ v/2. In this case, Theorem 2.3 and Proposition 2.4 yield
the following when n = 2.

Corollary 2.4.1. In a BIBdesign with parameters v, b, r, k and A, if
k ^ v/2, then b ^ (r" - I)l\ - 1. Furthermore, for a non-symmetrical

" BIB design, b ^ {r* ~ 1)1^ - 2 if (r« - 7)/A = an integer: and b g
[{r'- 1)IK\~ lifir* - l)l\^ an integer.

Remark 2.1. Theorems 2.1 and 2.3, and Propositions 2,2 and 2.4 give
improvements for the Shah inequality b ^ (r* —1)/A under some para
metric restrictions which are reasonable.
' Kageyama [1] has shown that ina BIB design with parameters v= nk,
6, r, A: and A,

b > v + z" —20/'^A + 2k. (2.5)

This gives us the following.

(2.3)
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Theorem 2.5. In a BIB design with parameters v = nk, b, r, k and A,
V+ r, 1, then b ^ r{r 2)//\ and vice versa. The inequality is

attained if and only if r = X + 2k,

Proof, From (2.1) and (2.5), we get

.. ir — nX)k'^ 2k 4^ r - I'^nX .
O r (r -r- 2) ^ nrA

b ^ rir - 2)/A. .

The converse is obvious. An attaining case of this inequality follows
from (2.5).

Remark 2.2. Theorem 2.5 gives an improvement ofan inequality b ^
'•('• ~ 1)/A due to Shah [6] under an assumption.

Theorem 2.5 yields immediately the following in terms of practical
concepts. , - :

Corollary 2.5.1. In a resolvable BIB design which is not affine resolv
able, b ^ r{r —2)IX, the equality holding if and only if r —'K = 2k.

Corollary 2.5.2. In a resolvable BIB design which is not affine resolv
able, if r = -K + 2k, then v= (r - 2) (r - A)/(2A), b = r{r - 2)l\
k = {r - X)I2.

Corollary 2.5.3. In a BIB design with parameters v= nk, b, r, k, X
satisfying b > v+ r ~ I and r —X̂ 2k, we have b ^ r{r —3)IX, with
the equality holding ifand only if r —n'h = 3 r ~ \ = 3k).

Example 2.2. Consider a resolvable (unreduced) BIB design with para
meters V= 8, ^ 28, r = 7, /c .= 2 and A= 1 (cf. RaghaVarao [5]).
The bound b ^ r{r - 3)/A is attained for this BIB design.

Ramark 2.3. Under the same situation as in Corollary 2.4.1, Kageyama
[3] gave some improved lower bounds on the number of blocks in a BIB
dbsign. ,

Shah [7] has shown that for a BIB design with parameters v, b = fnt,
r = [J.r, k and A,

6= V+ r - 1 - ffjA I/i, (2.6)

respectively. This gives the following.

Theorem 2.6../« BIB design with parameters v, b = mt, r = \it,
k and A, .

6 = v + r — 1<»6 = (w'A + , _ , ,

respectively. , .
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Proof. From (2.6), we have

= V + r — 1 l^rin =

^ (m'A +

b = (m®A +

Remark 2.4. The inequalities inTheorem 2.6 are attained at the same
time. When p. = I, a case b v r —\ only has a meaning.

Two expressions in Theorem 2.6 have some meaning, as the following
examples show.

Example 2.2. Consider a BIB design with parameters v= 6, b = 20,
= 10, /c = 3and A= 4 (of. Takeuchi [8]), having jj. = 2, m= 4 and

- t = 5. In this case, V+ r —1 = 15, (m*A + = 18 and b = 20.

Example 2.3. Consider'a BIB design with parameters v= 49, ft = 56,
= 24, it = 21 and A= 10 (cf. Kageyama and Mohan [4]), having

[j, = 2), m= 7 and t = 8. In this case, v+ f —1 =?= 72, (m®A +
= 56.28 and b = 56. The second bound is actually attained, since the
number of blocks is an integer.

As a result of these observations, we have

Corollary 2.6.1. In a BIB design with parameters v,b = mt, f = \it,
k and A,

• respectively.
Kageyama [2] derived a bound b (m^A.+ for aBIB design with

parameters v, b = mt, r = \^t, k and A, This bound can also be given by
relaxing a condition, b = mt as follows.

Theorem 2.7. In a BIB design with parameters v, b, r = v-t, k and A,
b "^ (Am* + where mis the largest integer ^.bji.

Proof. From (2,1) and the basic relation bk = vr, we get (r^ —A6)
k = r{r^ A) > 0, which yields . .

' r^.— 'Kb ^1. . - ; • • (2.7)

Let b = mt + i, 0.^ i ^ t - I. Substituting this in (2.7) we get

([j,r —A/w) ^ ^ 1 + A/ ^ 1
\j.r. — Am ^ I

O (|xr — Am) ni i m
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O ^rm ^ Am® + w

<=> V-rml\i^ ^ (A»j» +
o mt ^ {Xm? + since r ,= \Lt
=> b (A/7j' + since m ^ bjt.

Remark 25. Taking i = Qin b = mt + i, we get the result of
Kageyama [2].

3. Concluding Remark

This type of improvements for known inequalities can always be given
if one puts additional parametric restrictions on a BIB design. Artificial
restrictions are infinite in number so is the number of new bounds.
However, the conditions of non-symmetry {b ^ v), k ^ v/2 or + I
on the designs discussed here are very simple and reasonable restrictions.
It appears that almost all of BIB designs satisfy the above restrictions.
That IS why we choose these restrictions as a motivation of this paper,
from apoint of view of an improvement of an inequality.
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