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SUMMARY

In a balanced incomplete block (BIB) design with parameters v, b, r, k and 2, Shah
[6] obtained an upper bound b < (r2-— 1)/a on b. The main purpose of this paper

i is to improve this inequality and to obtain some upper bounds on the number of
blocks ina BIB desxgn under reasonable parametrlc restrictions.

Introductlon

For the number of blocks of a BIB des1gn ‘with parameters v, b ¥, k
and’A, it is well known that the Fisher inequality b = v holds. On the
other hand, Shah [6] gave anupper bound b S (r® — 1)/A, and it is known
that” this bound is attained when r =k = A + 1. Since tie design

" becomes a trivial design when r = A - 1, by relaxing this attaining condi-
tion, in this paper the Shah bound is improved in some directions under
certain reasonable parametric restrictions. Finally, the Kageyama bound
[2]'b= (m*\ + m)[u? for a BIB design with parameters v, b = mt r= p.t, '
k and A is derived without an assumption of b = m¢.

Dlscussmns and Results

o

It is known that the Shah 1nequa11ty b = (r“ - 1)/:\ is attamed ‘when
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r=kandr= A+ 1. In order to improve this inequality, we consider
its attaining condition. In this case, the following characterization is
given.

"LEMMA. 4 BIB design with parameters v, b, r, k and ) satisfying r =
A + 1is a symmetrical BIB deszgn wzrh parameters v = b =22+ 2, r=
k=24 1andA.

Proof. From a basic relation Av—1) = r(k — 1) and the assumption
r=4A+ L wegetv= @A+ 1) (k — 1)/A + 1, which, from (1, A + 1y
= 1, implies that there exists a positive integer / such that k — 1 = A,
Since r = k, we get ] ='1,i.e.,r = k= A+ 1. Then v = A -+ 2. Thus,
we have the required result,

Under the observation in the lemma, we shall give below some thcorems
on upper bounds for the number of blocks in a BIB design. In what
follows, a symbol [x] means the largest integer < x, where x is not an
integer.

THEOREM 2.1. In a BIB desigﬁ with parameters v, b, r, k and 7\, ifr#
A+ 1, then b < (r® — 2)[A, with the equality holding whenr =k =X + 2.

Proof From a basic relatlon Ay — ) = r(k — 1) of a BIB desxgn,'
we get

rk —dy=r — A, (2.1)

Since r — A = 1in general and ¥ % A 4 1, we get r — A = 2, which,
from (2.1), yields rk — Av = 2. This, after multiplying by r and simplify-
ing, yields -

b= r*x — 2r/Qk). (2.2)
Since r = k in general, b < (r* — 2)/A. It is obvious that b = (r* — 2)/A

is attained when r = k =1 4 2,
Asa reﬁnement of Theorem 2.1, we get the following.

PROPOSITION 2.2. In a non- symmetrical BIB design with parametcrs
v b, r, k and ],

@ b=(rr*—2A—1 if (r* — 2)/A = an integer; -
(ii) b = [(r* — 2)/A] if (r2 — 2)A # an integer.

Proof Since ¥ > k, the lemma and (2.2) yleld b < (r’ — 2)/)\ whlch
shows the required result. _ ST
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TueoRreM 2.3. In a BIB dcsign with parameters v, b,r kand}, if k=
vin for an integer n = 2, thenb < (12 — DJA — (n— 1), with the equality

holding when r = k = nA + L

_ Proof. It follows that for n = 2, -

k<vnenk—1=5v—1
‘ &(n—l)rk—{—r(k-—l)'_S_r(v——])
Sr=z{y— 1)+ rk(n— 1D} —1)
or—mz=rin—Dr—1)>0 ' ,'
er—mz=1. ‘ (2.3

From (2.1) and (2.3), we get rk — = @m—-DArA4+1, which, upon
multiplying by r and simplifying, yields b < r3A — (n — 1) rlk — rl(k).
Since r = k in general, :

b (r2— DA —(n—1). ’ . (2-_4) |

It is clear that this bound is attained when r = k = nA + 1.
" The following is the refinement of Theorem 2.3. ‘

PropoSITION 2.4. In a non- symmet_fical BIB design with parameters
v,b,r,kand A, if k < y/n for n 2 2, then -

@D b= —=Dr—mn when (r? — 1)/A = an integer;
) bS[*= 1N —@—1)  when(? — DA an integer.

- Proof. Since r > k, from (2.4) we get b < (r* — /A — (n— 1) which -
yields the required result.

For a BIB design or its complementary design, one can always find -
that k < v/2. Hence, without loss of generality, consider a BIB design
satisfying k < v/2. In this case, Theorem 2.3 and Proposition 2.4 yield

" the following when n = 2. A

" COROLLARY 2.4.1. In a BIB design with parameters' v, b,r,k and A, if
k < v[2, thenb = (r® = I)[]x — 1. Furthermore, for a non-symmetrical
"~ BIB design, b < (r* — I)JA — 2if (©* — I)[N = an integer: and b =

[(r* — DIA} — 1if (r* — D)[X  an integer. ) '

" Remark 2.1. Theorems 2.1 and 2.3, and Propositions 2.2 and 2.4 give
" improvements for the Shah inequality b = (r* — 1)/A under some para-
metric restrictions ‘which are reasonable. ‘ e

ageyama [1] has shown that in a BIB design with barameters v = nk,
b, r, k and A, ' : ~

b>v+r—2erzA+ 2k ey
This gives us the following. —
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THBOREM 2.5. In a BIB design with parameters v=mnk, b, r, k and A,

ifo>v-+r—1 thenb = r(r=2)/A and vice versa. The inequality is

attained if and only if r = X + 2k,

Proof. From (2.1) and (2.5), we get.

= m k= %S r—22m
@ r(r—2)2nr
&b < r(r — A

The converse is obvious. An attaining case of thrs lnequahty follows
from (2.5). }

Remark 2.2, Theorem 2.5 gives an improvement of an inequality b <
r(r — 1)/X due to Shah [6] under an assumption.

Theorem 2.5 yields immediately the followmg in terms of practical
concepts. :

COROLLARY 2.5.1. In a ieso’vable BIB des:g/z which is not affine resoly-
uble, b < r(r — 2)[A, the equality holding zf and only if r — A = 2k,

COROLLARY 2.5.2. In a resolvable BIB design which is not affine resoly-
able, if r =N+ 2k, then v=(r — 2) (r — N2V, b = r(r — 2)/7\
k=@ —X2..

COROLLARY 2.5.3, In a BIB design with parameters v = nk, b, r, k, A
satisfying b > v +r — I and r — X = 2k, we have b =r(r— 3)/)\ with
the equality holding if and only zfr —nh = 3 (< r — A= 3k) N

Example 2.2, Consider a resolvable (unreduced) BIB design with para-
meters v=8,6 =28, r =7 k.=2and A = 1 (cf. Raghavarao [5])
The bound 4 £ i(r — 3)/A is attained for this BIB des1gr1

Ramark 2.3. Under the same situation as in Corollary 2.4.1, Kageyama
3] gave some 1mproved lower bounds on the number of blocks in a BIB
design. L

Shah [7] has shown that for a BIB design with parameters v, b = rmt,
r=p, k and A, <o

> V . R
iv—i—r—l@p.r‘—- mhgp,‘ | (2.6)

respectively, This gives the following.

THEOREM 2.6..In a BIB design with parameters v, b = mt, r = 'p.It,
kand ),

.b—v—i—r—l@b—(m’z\-}—my-)/p"

respectively.

-d
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' Proof. From (2.6), we have

b—v—i—r—l@#rm—mz)\—}-mp.

' e mz (m’?x + mp)/pt
(m“A + mi)pt.

Remark 2.4. The inequalities in Theorem 2.6 are attained at the same
time. When @ = l,acaseb = v+ r — 1 only bas a meaning.
Two expressions in Theorem 2.6 have some meanmg, ‘as the followmg
- examples show. :

Example 2.2. Consider a BIB des1g'1 with parameters v = 6, b = 20,
r=10,k=3and A =4 (cf Takeuchi [8]), having p =2, m = 4 and.
+ t=75. Inthis case, v + r — 1 = 15, (m®A + mp)[p? = 18 and b = 20.

Example 2.3. Consider’a BIB design Wlth parameters y = 49 b = 56,
=24, k = 21 and A = 10 (cf. Kageyama and Mohan [4]), having ’
=3, m="1 and t=8.Inthiscase, v +r — 1= 72, (m*A 4+ my)[p?
= 56.28 and b = 56. The second bound is actually attamed since the
number of blocks is an integer.
As a result of these observatlons, we have

COROLLARY 2 6.1. Ina BIB deszgn wzth parameters v, b=mt, r=ut,
_kand A,

>m/\-|-mp.

bzv+i—1eb= éur-—m)\ y.¢>r—k+)\

respectzvely ‘

Kageyama [2] derived a bound b 2 (mz)\ + m)/p for a BIB design with
parameters v, b = mt, r = pt, k and A. This bound can also be ‘given by
relaxmg a condition b = mt¢ as follows. :

. TuroreM 2.7. In a BIB design with parameters v, b, r o= ©t, k and ),
b 2 (T\m’ + m)/p. , where m is the laigest mteger < bt

. Proof, From (2 1) and the bas1c relatlon bk = vr, we get (r2 — Ab)

k = r(r = A) > 0, which ylelds ' o : _
N T (2.75

Leth— mf 0,0 =i < ¢t— 1. Substituting this in (2.7) we get

r—2m)e=1+MN21
>pr—dm 21
S W —mm2m
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um=mt+ m
< prmfp? = (Mm? 4 m)/ps
@>mt = (Am? + m)fpr since r = pt
= b = (Am? 4 m)/u? since m < b/t

Remark 2.5, Taking i = 0 in b = my + i, we get the result of
Kageyama [2].

3. Concluding Remark

This type of improvements for known inequalities can always be given
if one puts additional parametric restrictions on a BIB design. Artificial
restrictions are infinite in number so is the number of new bounds.
However, the conditions of non-symmetry (b # v), k < vf2, or r £ + 1
on the designs discussed here are very simple and reasonable restrictions.
It appears that almost all of BIB designs satisfy the above restrictions.
‘That is why we choose these restrictions as a motivation of this paper,
from a point of view of an improvement of an inequality, :
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